In this paper, we consider the equation
Introduction
Over the last decades, several authors have dealt with the equation (a n − 1)(b n − 1) = x 2 , x, n ∈ N,
where a > 1 and b > 1 are different fixed integers. Firstly, Szalay [13] handled this equation for (a, b) = (2, 3), (2, 5) , and (2, 2 k ). He showed that there is no solution if (a, b) = (2, 3), only the solution n = 1 for (a, b) = (2, 5) , and only the solution k = 2 and n = 3 for (a, b) = (2, 2 k ) with k > 1. Then, in [4] , the authors determined that the equation (2) has no solutions for (a, b) = (2, 6) and that has the only solutions (a, n, k) = (2, 3, 2), (3, 1, 5) , and (7, 1, 4) for (a, b) = (a, a k ) with kn > 2. Last result was extended by Cohn [1] to the case a l = b k . He also proved that the equation (2) has no solutions if 4|n except for (a, b) = (13, 239) , in which case n = 4. Later, in [7, 10, 16, 17] , the authors studied the equation (2) for the different values of a and b. Lastly, in [6] , the Keskin proved that the equation (2) has no solutions for n > 4 with 2|n if a and b have opposite parity. Keskin also proved that if gcd(a, b) = 1, 2||n, and n > 4, then the equation (2) has no solutions.
Motivated by the above studies, in this paper, we consider the equation
By assuming the abc conjecture is true, in [8] , Luca and Walsh gave a theorem, which implies that the equation (3) has only finitely many solutions n, x if a and b are different fixed positive integers. For more on the abc conjecture, one can consult [12] . We solve (3) when m = 1 and (a, b) ∈ {(2, 10), (4, 100), (10, 58) , (3, 45) } . Moreover, we show that (a n − 2)(b n − 2) = x 2 has no solution n, x if 2|n and gcd(a, b) = 1. We also give a conjecture which says that the equation (2 n −2)((2P k ) n −2) = x 2 has only the solution (n, x) = (2, Q k ), where k > 3 is odd and P k , Q k are Pell and Pell Lucas numbers, respectively. We also conjecture that if the equation (a n − 2)(b n − 2) = x 2 has a solution n, x, then n ≤ 6, where 2 < a < b.
Preliminaries
In this study, while solving the equation (3), the first and second kind of Lucas sequence U n (P, Q) and V n (P, Q) play an essential role. So, we need to recall them.
Let P and Q be nonzero relatively prime integers such that P 2 + 4Q > 0. Define
Sometimes, we write U n and V n instead of U n (P, Q) and V n (P, Q), respectively. For (P, Q) = (2, 1), we have Pell and Pell-Lucas sequences, (P n ) and (Q n ). The following identities concerning the sequences (U n ) and (V n ) , which will be used in the next section, are well known (see [11, 14, 15] ).
Let
and
V n (P, −1) = U n+1 (P, −1) − U n−1 (P, −1).
If P is even, then V n is even, 2|U n if and only if 2|n, and
Let d be a positive integer which is not a perfect square and N be any nonzero fixed integer. Then the equation 
If x 1 + y 1 √ d is the fundamental solution of the equation (10) , then all positive integer solutions of this equation are given by 
with n ≥ 1.
By Theorem 110 given in [9] , we can give the following lemma. 
with n ≥ 1. 
, m, r ∈ Z and m be a nonzero integer. Then
From the identity (12) , we can give the followings:
3|U n (P, −1) ⇐⇒ 3|P and 2|n, P ≡ 1(mod 3) and 3|n,
and 5|U n (P, −1) ⇐⇒    P ≡ 0(mod 5) and 2|n, P 2 ≡ 1(mod 5) and 3|n, P 2 ≡ −1(mod 5) and 5|n.
Lemma 6 Let P ≡ 1(mod a) and n ≥ 1. Then a|U n (P, −1) − U n−1 (P, −1) if and only if n ≡ 2 or 5(mod 6).
Throughout this paper, we denote v 2 (m) by the exponent of 2 in the factorization of m, where m is a nonzero positive integer.
Main Theorems
From now on, unless otherwise indicated, we assume that m and n are positive integers such that 0 < m < n and a, b are different fixed positive integers.
Theorem 7 Let a = 2
t r with r odd and t ≥ 1, and let b be odd. Then the equation (a n − 2 m )(b n − 2 m ) = x 2 has no solutions in the following cases:
ii) 2|n and 2|m. iii) 2 ∤ n, 2|m, b ≡ 1(mod 4) with n − m > 1 or n − m = 1 and t > 1. iv) 2 ∤ n, 2|m, nt − m = 1, and b ≡ 3(mod 4).
Proof. Let a = 2 t r with r odd and t ≥ 1. Then we have the equation
This contradicts the fact that the number v 2 x 2 is even. ii) Let 2|n and 2|m. Then from the equation (15), since r, 2 nt−m r n − 1, and b n − 2 m are odd, we get
which is impossible.
iii) Let 2 ∤ n, 2|m, and b ≡ 1(mod 4). If n − m > 1 or n − m = 1 and t > 1, then, in both cases, we get nt − m > 1. Thus the equation (15) yields to
This shows that b ≡ 3(mod 4), a contradiction.
iv) Let 2 ∤ n, 2|m, nt − m = 1, and b ≡ 3(mod 4). If t > 1, it yields that nt > n > m, which implies that nt − m > 1. Therefore t = 1. Then n = m + 1 = 2k + 1. Thus, by (15), we have
for some integers u and v with gcd(u, v) = 1. From the first equation of (16), we get d ≡ 1(mod 4), and thus from the second equation of (16), we get b ≡ 1(mod 4). This is a contradiction.
The following lemma can be found in [3] .
Lemma 8 Let k ≥ 1. Then all nonnegative integer solutions of the equation
In [13] , it is shown that the equation (2 n − 1)(5 n − 1) = x 2 has only the solution (n, x) = (1, 2).
Proof. Since 1 ≤ m < n, we have 2 ∤ n, 2|m, and n − m = 1 by part iii) of Theorem 7. Let m = 2k and thus n = 2k + 1 with k > 0. In this case, we get the equation ( 
2k−1 L 2r+1 and 5 k = 2 k−1 F 2r+1 with r ≥ 0. This implies that k = 1, r = 2 since k > 0, and therefore n = 3, m = 2, and x = 22.
2 has no solutions.
Theorem 11 Let a and b be even integers with
Proof. Let a = 2 t r and b = 2 l s with t = l and r, s odd. Then it can be seen that
Now, we divide the proof into two cases. Let m be even. In this case, we have the equations nl−m
where
Since both of V c /2 and V k /2 are even, c and k must be odd and
by Lemma 3. From here, we get nt − m 2 = nl − m 2 , i.e., t = l, which contradicts the fact that t = l.
Let m be odd. Then, from the equation (17), we obtain 
This shows that t = l, which contradicts the fact that t = l.
Theorem 12 Let a = 2 t r and b = 2 l r with t = l and r odd. Let t and l have the same parity. Then the equation (a n − 2 m )(b n − 2 m ) = x 2 has no solutions if 2 ∤ n.
Proof. Since a = 2 t r and b = 2 l r with t = l, we get
Let n = 2k + 1. We shall discuss separately the proof according to whether m is even or odd. Let m be even. According to whether t and l are even or odd, we obtain the following equations, respectively,
and if r is a perfect square, then
where 
and if r = z 2 , then
2 − dy 2 = 1, and 2x 2 − dy 2 = 1, respectively. Since U c+1 − U c and U k+1 − U k is odd by (9) , it is seen from (20), (22), and (23) that
In all the above cases, we get t = l, which contradicts the fact that t = l. Since V s (2x 1 , −1)/2 and V g (2x 1
A similar argument shows that the case m odd is also impossible. From Theorems 11 and 12, we can conclude the following result. ii) If 2|n, 2|m, and a and b are both even. Proof. i) Assume that m and n have opposite parity. Then it can be seen that
Corollary 13
, which is impossible. ii) Assume that 2|n, 2|m, and a and b are both even. Let a = 2 t r and b = 2 l s with r, s odd. Then it can be seen that
Thus we get 
, Thus, taking m = 1 in the equation (3), we can give the following four corollaries from the above theorems.
Corollary 16
Let a and b have opposite parity. Then the equation (a n −2)(b n − 2) = x 2 has no solutions for n > 1.
Corollary 17 Let 3|a and 3 ∤ b. Then the equation (a n − 2)(b n − 2) = x 2 has no solutions if 2|n.
Corollary 18 Let a and b be even integers with v 2 (a) = v 2 (b). Then the equation (a n − 2)(b n − 2) = x 2 has no solutions if 2|n.
Corollary 19 Let a = 2 t r and b = 2 l r with t = l and let t and l have the same parity. Then the equation (a n − 2)(b n − 2) = x 2 has no solutions if 2 ∤ n.
Immediately, from last two corollaries, we can conclude the following result.
Corollary 20 Let a = 2 t r and b = 2 l r with t = l and let t and l have the same parity. Then the equation (a n − 2)(b n − 2) = x 2 has no solutions if n > 1.
The proof of the following lemma can be found in [5] . 
with n ≥ 1, where U n = U n (2x 1 , −1). given by
Since (x n , y n ) is a solution of the equation −1) ) by Lemma 1. Using the identity (8), we get
Now, we can give the following theorem.
Theorem 23 Let gcd(a, b) = 1. Then the equation (a n − 2)(b n − 2) = x 2 has no solutions if 2|n.
Proof. Assume that gcd(a, b) = 1 and 2|n. Let n = 2m. Then
for some integers u and v with gcd(u, v) = 1, where d = (a n − 2, b n − 2). It is obvious that d > 2. Assume that (x 1 , y 1 ) and (k 1 , t 1 ) are the fundamental solutions of the equations x 2 − dy 2 = 1 and u 2 − dv 2 = 2, respectively. Then by Theorem 22, we get
Since gcd(a, b) = 1, we get gcd(a m , b m ) = 1. From the above equations it follows that (k 1 , t 1 ) = (1, 1) since gcd(a m , b m ) = gcd(u, v) = 1. This implies that d = −1, which is impossible.
Using Mathematica, we verified for all 2 ≤ a < b ≤ 100 and n in the range 2 ≤ n ≤ 1000 that the equation (a n − 2)(b n − 2) = x 2 has only solutions (a, b, n, x) = (2, 10, 2, 14), (2, 10, 6, 7874), (2, 58, 2, 82), (3, 45, 2, 119), (4, 100, 3, 7874), (10, 58, 2, 574) . Now, we solve the equation (a n − 2)(b n − 2) = x 2 for (a, b) = (2, 10), (3, 45), (4, 100), (10, 58) .
The proofs of the following two lemmas can be done by induction on m.
From Lemma 24, we can give the following corollary.
Corollary 26 Let m and z be positive integers. If
Theorem 27 The equation (2 n − 2)(10 n − 2) = x 2 has only the solutions (n, x) = (2, 14), (6, 6874) .
Proof. It is obvious that (n, x) = (2, 14) is a solution. Let n > 2. Firstly, assume that n is even, say n = 2m. Then
for some integers u and v with gcd(u, v) = 1, where 2d = (2 n − 2, 10 n − 2). Since m > 1, it can be seen that 2d > 2. Hence, by Theorem 22, it follows that
where U t = U t (2x 1 , −1) and (x 1 , y 1 ) and (k 1 , t 1 ) are the fundamental solutions of the equations x 2 − 2dy 2 = 1 and u 2 − 2dv 2 = 2, respectively. Since U r + U r−1 is odd by (9) and gcd(u, v) = 1, it follows that k 1 = 2 m , r = 1, and t 1 = 1, which implies that u = 1. Thus (2 m ) 2 − 2d = 2, i.e., d = 2 n−1 − 1. By Lemma 21,
. This shows that x 1 = 2 n − 1 and y 1 = 2 m . On the other hand, since (10
is a solution of the equation x 2 − 2dy 2 = 1, it follows that
for some positive integer k by Lemma 1. This implies that 5|U k . Now assume that 4|n. Then U 2 = P = 2x 1 = 2 n+1 − 2 ≡ 0(mod 5) and this implies that k is even since 5|U k . Taking k = 2c, we get 2 · 10 n − 2 = V 2c = V 2 c − 2 by (6), i.e., 2 · 10 n = V 2 c . This is impossible. Hence 2||n. Then P ≡ 1(mod 5). Since U k = U 6q+r ≡ U r (mod U 3 ) by (12) and 5|U 3 , it follows that k = 3t. This implies that 2 · 10 n − 2 = V 3t = V 3 t − 3V t by (7) . Taking V t = 2z, then, from the last equality, we get (z + 1)(2z − 1) 2 = 10 2m . By Corollary 26, it follows that m = 3. This shows that n = 6.
Secondly assume that n is odd. If n = 4k + 3, this gives which is a contradiction. This completes the proof. From Theorem 27, we immediately deduce the following corollary.
Corollary 28
The equation (4 n − 2)(100 n − 2) = x 2 has only the solution (n, x) = (3, 7874).
Theorem 29
The equation (10 n − 2)(58 n − 2) = x 2 has only the solution (n, x) = (2, 574).
Proof. If 4|n or n ≡ 1(mod 4), then it can be seen that x 2 ≡ 2 or 3(mod 5), which is impossible. Assume that n ≡ 3(mod 4). Then n is form of 12q + 3 or 12q + 7, or 12q + 11. If n = 12q + 3, then we get x 2 ≡ 3(mod 7), a contradiction. If n = 12q + 11, then it is seen that x 2 ≡ 6(mod 7), which is impossible. Let n = 12q + 7. Then we get n ≡ 7, 19, 31, 43, or 55(mod 60). If n ≡ 31(mod 60), then we get x 2 ≡ 8(mod 11), a contradiction. Let n ≡ 7, 19, 43, or 55(mod 60). Similarly, when we investigate the equation (10 n − 2)(58 n − 2) = x 2 according to modulo 31, we can see that it has no solutions. Now assume that n ≡ 2(mod 4). Say n = 2m with m odd. Then we get 
where U c = U c (P, −1) with P = 8u n − 2 and U k (2x 1 , −1) = 5 m u. Therefore 5|U k . Since 2x 1 = 2 n+1 − 2 ≡ 1(mod 5), it follows that 3|k by (14) . Let k = 3t. Then we get 2 · 10 n − 2 = V 3t = V 3 t − 3V t by (7) . Taking V t = 2z, then from the last equality we get (z + 1)(2z − 1) 2 = 10 2m . By Corollary 26, it follows that m = 1 or m = 3. Therefore m = 1 or m = 3. This shows that n = 2 or n = 6. But n = 6 is impossible. This completes the proof. Proof. If 4|n or n ≡ 1(mod 4), then it can be seen that x 2 ≡ 2 or 3(mod 5), which is impossible. Assume that n ≡ 3(mod 4). Then n ≡ 3, 7, or 11(mod 12). In these cases, if using modulo 13, it can be seen that the equation (3 n −2)(45 n − 2) = x 2 is impossible. Now assume that n ≡ 2(mod 4). Say n = 2m with m odd. Then we get 
where U c = U c (P, −1) with P = 2x 1 = 2k 2 1 − 2, y 1 = k 1 t 1 , (x 1 , y 1 ) is the fundamental solution of the equation x 2 − dy 2 = 1, and (k 1 , t 1 ) is the fundamental solution of the equation x 2 − dy 2 = 2. So k 1 > 1 and this implies that 3|k 1 by (26). Then P = 2k 2 1 − 2 ≡ 1(mod 3). Assume that 3|U r − U r−1 . Then it is seen that r ≡ 2, 5(mod 6) by Lemma 6. Since 5 ∤ k 1 by (26), it follows that P = 2k 2 1 − 2 ≡ 0, 1(mod 5). Assume that P ≡ 1(mod 5). Then 5|U r − U r−1 by Lemma 6 since r ≡ 2, 5(mod 6). This is impossible by (26). Let P ≡ 0(mod 5). Then it can be seen that 5 ∤ U s − U s−1 by (14) . This is impossible by (27) since
